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Abstract. The discrete ordinate method of Wick-Chandrasekhar
may be extended to the case of radiative transfer in infinitely long
cylinders, in the Eddington approximation. The only important
modification consists in replacing the exponentials by modified
Bessel functions. As in the cases of planar or spherical geometries,
the method is restricted to homogeneous media. The method
may be used to obtain a rapid insight in radiative transfer
phenomena arising for instance in solar prominences or coronal
loops, or to check the precision of more complicated numerical
methods. It may be easily extended to partial redistribution
problems.
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1. Introduction

The discrete ordinate method, introduced by Wick (1943) and
subsequently developed by Chandrasekhar (1950) has long been
used in radiative transfer, prior to the advent of large computers,
and remains a choice method for treating homogeneous media. It
is also used to check the precision of more complicated numerical
methods. In planar geometry, it has been extended by Hummer
to solve partial redistribution problems (see Hummer and
Rybicki, 1967, for a review). The case of spherical geometry, in the
Eddington approximation, has been treated by Cuperman et al.
(1963). The purpose of the present paper is the generalization of
the discrete ordinate method to the cylindrical geometry. This
kind of geometry is relevant for several objects in the solar
atmosphere, such as coronal loops or prominence threads.

2. Basic equations

The case of infinitely long cylinders with translational and rota-
tional invariance relatively to the 0z axis has been considered in
particular by Heaslet and Warming (1966), Leung (1976) and
Heasley (1977). It is a so-called “1-dimension” problem, since
physical scalar quantities only depend on p, the distance to the
axis, among the 3 cylindrical coordinates (p, ¢, z). The direction n
of the ray is defined by two polar angles: 0 =(0z, n) and {, which is
the angle between the local meridian plane and the vertical one
containing the ray. From first principles, the transfer equation
may be written in this case:
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where I, is the intensity, k, the absorption coefficient and S, the
source function. The cylinder being assumed homogeneous, k, is
independent of p.

Moment equations may be deduced from (1) by angular
integration. For this purpose it is convenient to define the
operator:
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so that the 3 first moments of intensity are J,=M® {I,},
H,=MY{I,} and K,=M® {[,}.

Following Leung (1976), we define the additional quantity
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The applications of M® and M to Eq. (1) yield respectively:
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The Eddington approximation consists in assuming that the
intensity is constant both in the inward and the outward half-
spaces, ie., for —n/2<{<m/2:

L(p,0,0)=1](p), (6)
I(p, 6, n+{)=1, (p). ()
Integrations over 6 and ( yield the well-known expressions:

1) +1;=2J,=6K,=30,, 8)
1} —1;=4H,. )

Relation (8) may be used to eliminate K, and Q, from Eq. (5).
After combination with (4), one obtains a second-degree differ-

© European Southern Observatory ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1990A%26A...228..295G

-Z95G,

FTO9O0AGA: & ~228C .

296

ential equation for J,

62J+10J 3k2(J,—5.).
op* p op -
Whereas the method is not limited to complete redistribution (as
will be seen later), it is sufficient for the moment to consider a
frequency-independent source function of the form:

S,=S=eB+(1—¢)fg J,¢,dv,

(10)

(11

where ¢ and B are constants and ¢, is the normalized absorption
profile, such that

Ky =Ko P, (12
and
fo ¢ydv=1. (13)

This formulation must be complemented with boundary condi-
tions. Along the axis of the cylinder, the intensity must be
isotropic, so that H, vanishes. This, combined with (5) and (8),
yields

[ v:l =
0.
op lp-0

At the surface (p = R), the incoming intensity is prescribed to
a given value J"® (averaged over angle):

(14)

L(R, 0, m+{)=J3, <0303n,—gsCsE). (15)

2

In the Eddington approximation, the intensity may be
expressed as a function of J, and H,, using Egs. (8) and (9), and H,
may be eliminated using (5), which gives:

2 I:aJ"] Jine
3K:v ap p=R_ -

3. Resolution

J,(R)+ (16)

According to the principle of the discrete ordinate method, a
frequency mesh (v, v,, ..., vy) is introduced and the integral
replaced by a quadrature formula

© N
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with
N
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Equations (10) and (11) are transformed into a system of N
second-degree differential equations:
d%J; 1dJ;

- 2+;d__3x J+3x2(1—8)12=:la Jj=—-3k}eB,

(=1,...,N) (19)
One may remark that one particular solution of this system is
Ji=J,=...=Jy=B (20)

The general solutions will be obtained by addition of the solu-
tions of the homogeneous system:

42, 1dJ, v
+——23k2J.+3k%(1— . J.=0, (j=1,...,N).
dp? pdp Kid 43K ( 8)Elal i ( ).
(1)

In the planar and spherical cases, the homogeneous system
has constant coefficients, so that it may be solved in terms of
exponentials. This does not happen here, but it is possible to find
a solution in terms of the modified Bessel functions I,(x) and
Ky(x), which satisfy the following equation (cf., for instance,
Abramowitz and Stegun, 1964)

d?y 1dy

A Wt A 22
dx2+x dx (22)
Setting

J;=g; Io(kp) (23)

in (21), and using (22), we obtain the following system of equa-
tions for k%

kz
g,.(l—?)_(l s)Za gy, (j=1,...,N).

J Jj'=1

(24

Since the right hand side is independent of j, g; is proportional to
(1—k*/3x?)~*. By applying the operator Za;. to (24), we get the
characteristic equation

1— =1. 25
( 8)21—1¢2/3;< (@3)
This equation (the same as in the plane-parallel and spherical
cases) has 2N real solutions +k, (a=1,...,N).

The same reasoning may be made for the other modified
Bessel function K, so that the general solution for (19) is:

L IO( azp) + M Ko(kap)
1—k2/3x2 ’

where the L, and M, are constants.
These constants are determined by boundary conditions.
Concerning the condition (14) along the axis, it is sufficient to

notice that the derivative of I, vanishes at p =0, while that of K,
is infinite, which yields

M,=0, («=1,...,N).

Ji(p)= B+Z

a=1

(j=1,...,N), (26)

(27)

For determining the other coefficients L,, we substitute the
expression (26) into (16) and obtain a system of N linear equa-
tions:

N
Y ApL,=Ji*=B, (j=1,....N) (28)
a=1
with
Iy(k,R)+2k,I,(k,R)/3K;
4 = o ) 1( )/3x; (29)

je 1—k2/3k? ’

where I, is the modified Bessel function of the first order. Once
the system (28) is solved for the L,, the source function is
obtained by using (11), (17) and (26), and reminding that the k,
are solutions of (25). The result is:

N
S(p)=B+ Y. Lulo(k.p).

a=1

(30)

The emergent intensities may be subsequently obtained by integ-
rating the source function along the corresponding ray.
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For the purpose of numerical calculations, it should be no-
ticed that the evaluation of coefficients 4;, by (29) produces
overflows if R is large. To remedy this difficulty, one may replace
I, and I, by: I¥(x)=e"*Iy(x) and I}(x)=e™*I,(x). The coeffic-
ients so obtained, 4% =e %R 4,,, have reasonable magnitudes
and (28) may be solved for the L*=e*R L_. The source func-
tion is then

N
S(p)=B+ Y, LrIf(k.p)eklr—R).

a=1

(1)

4. Numerical applications

As a semi-analytical method, the discrete ordinate method may
be used to check the precision of more general, numerical codes,
such as those proposed by Leung (1976) and Heasley (1977). It
may be also used to obtain a rapid insight on some processes of
radiative transfer in cylinders. As an illustration, we have com-
puted the variation of source function across the cylinder for a
line emitted by a 2-level atom. Since it is a common practice in
modelling prominence threads or coronal loops to replace cylin-
ders by an equivalent plane-parallel slab, the same calculations
have been done for comparison for a slab whose thickness is
twice the radius of the cylinder. The parameters chosen were
£=10"% B=1, and the line had a Voigt profile with damping
parameter a=10"3,

The results for an object without incident radiation are
represented in Fig. 1, for mean optical thicknesses ko R ranging
from 102 to 10°. The source functions in the plane-parallel slab
are higher than in the cylinder, as a result of better radiation
confining. The relative difference decreases with optical thick-
ness, from about 50% for xR =10% to 3% at 10°. Thus, the slab
approximation may be considered as a good one at high
opacities.

1.0

o
o]

source function
o
13}

o
w

0.00.

Fig. 1. Radial variation of source functions in a homogeneous cylinder
for a 2-level atom, without incident radiation field. In abscissa, the
location within the cylinder is indicated by the ratio p/R. The different
solid lines correspond to different mean thickness x, R = 10, 103, 10%, 103
and 10° (S increases with x,R). The dashed lines indicate the source
functions for the corresponding plane-parallel slabs
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The same calculation has been performed with a constant
incident intensity Jir°=5. This case may be considered as rep-
resenting an object whose internal temperature is lower than the
ambient radiation temperature. The result is represented in
Fig. 2. There, the agreement between plane-parallel and cylin-
drical computations is good both at low opacities, where the
radiation field is dominated by the incident intensities, and at
high opacities, for the same reason as in the preceding case (the
ratio curvature/optical depth). The principal difference, about
12%, occurs at an intermediate thickness, ko R=10°.

5. Partial frequency redistribution

To finish, it is worth mentioning that the present method is able
to treat partial frequency redistribution problems by applying a
procedure similar to that developed by Hummer (1969) in the
plane-parallel case.

Then, if we neglect continuous absorption, the source func-
tion at frequency v; may be written, in discrete form

1—¢

N
Z Rii’ Ji’

j oi=1

S;=¢B+ (32)

where R;; is a redistribution matrix satisfying the normalization
condition:

N
Y, Riy=¢, (33)
=1
which gives the differential equation system:
d2J;, 1dJ; l—¢ X
dp2’+/—)d—p’—3r<J?Jj+3thg ry "21 R, J,=—3k}¢eB,

Jj =

(j=1,...,N). (39

0.4
radius

0.6 0.8 1.0

Fig. 2. Same as Fig 1, but for an incident intensity Ji"=35. Here, S
decreases with xyR
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A particular solution of this system is still provided by (20).
Again, we look for a solution of the homogeneous system under
the form (23). The result is a set of N linear equations for g;
whose coefficients are functions of k

N
Y Py (k*)g;=0, (j=1,...,N) (35)
i=1
with
P (kz)—(l k2>5 I=¢ p (36)
JJ 3K12 JJ ¢J JI

The condition for the system (35) to have nonzero solutions is
that the matrix P is singular, which yields the characteristic
equation:

det{P; (k*)} =0. GN

This equation may be solved numerically and gives N positive

solutions k2=k2 («=1, ...,N). For each a, we set k2=k2 in (35)

and obtain a system of order (N —1). Putting g, =¢,,=1, this

system is solved for the other g;, (j=2,...,N). Once these N 2

coefficients g;, are computed, the solution of (34) is:

N

J](p)=B+ z gja [LaIO(kap)+MmK0(kap)]v (]= la R ’N)
a=1

(38)

As in the preceding case, the condition along the axis gives
M, =0, while the external condition provides a system of linear

equations for the L,. This system is the same as (28), with
coefficients

(39)

2kaI,(kaR)]
3k '

Aja=gja |:IO (kaR) +
j

Finally, the expression (38) for the mean intensity is substituted

into (32) to yield the source function:

N
S;(p)=B+(1—¢) Z Gja Lo Io(k,p)-

a=1

(40)
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